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0. Introduction 


Toe alm of this paper in to eepat on-set rnin f the Logic 
of Effective Definitions. One of the main reasons. for i ntroduct 
of programs comes from the fact that logics of progres 
Ci, 8, 10, 15, 21, 24, 25, 26, 27, 270 are bane on a fied hae of 
programs, e.g. ‘flow-chart schemes ‘or or récursive_ duses. Thi 
general questions such as: 


(1) wat proper fie cla of nie ip the etalon of 
the resulting logic? 
(2) whet a as one tos ioe iy pret 


(3) what properties such as compactness, intes ,. et hold : for; fogics 
Of programs? ee 4 
(4) what common methods’ might te ‘applied in a diffecest, logies of pop 


Ay 


All these questions are difficult to answer at once, . th te 
author's opinion that there should exist’ a to a fr ' which all t 
moe 1 deal 


questions can be embedded with a hope of gettis 
intended role of the Logic of Effective Definitions, 


LED is based on completely unstructured schemes which are better 
called effective definitions rather than programs. The only primitive 
relation in LED is sotal equivalence between schemes -- many other 
interesting notions are derivable from (expressible using) the primitive ones. 
The extremely simple structure of effective definitions together with the 
simplicity of LED formulas make model-theoretic methods easier to apply when 
attacking problems (1) - (4). On the other hand, many logics of programs can 
be retrieved as fragments of LED (cf. Section 5) via the standard wnfolding 
procedure applied to the programs on which the logic is based. 


We emphasize here that throughout this paper we consider only 
deterministic programs. There are no problems in formulating a 
non-deterministic version of LED. However, there are confusingly many open 
_ questions Concerning deterministic programs and their logics. This situation 
suggests, in the author's opinion, a need for better understanding of the 
phenomena arising in the deterministic case before passing to nondeterminism. 


The results presented in this paper are mainly concerned with LED 
itself. However, the open problems formulated in Section 5 are oriented 
towards a better understanding of the behavior of LED fragments. 
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To keep the paper a reasonable size,: we-give only brief sketches of 
proofs of results which appear elsewhere. Actually, there are three new 
results etated in: thie paper (35:5; 4.2.6, and:43.67 = they are mainly 
improvements. of: astentene ails mares ——— ipredts: ate Lawes 


The first version of LED (in reyR was férvlidaipé ifoese! acca 
logic -- the third truth value in this logic corresponded to divergence. A 
completengss..theoresy. for isi logitaltpremétt <a (903; Aoréformulation of LED 
based upon; merely two.truth: values is Presence im this 
paper in essentially .the ‘same.-vesy ana L33)- = Wve stale 4 


I would like to thank Professor Albert R. Meyer ee many 
valuable, Conversations, for his fruitful ommedin. ante: endlier ‘etsions of — 
LED, ssl tif roprarge ‘iquestiont: dancerhing partial =< °-" 9 
correctness thearies. I. further thank, Rrofeper Ne wk ood fr 


there in 1978/79, wt ee ee et 
_ were formulated. .: a Beso ae mie SS 


Finally; a ao te ny are auenar. ory 


ether HED cig Ces us = 
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1. Prelisniwary Notions: end. Depaisome 


in thin snetiom: we rocall-shee ide eitioie nné-aefiitins from - 
logic. We concesteate here. mainly: om notation rather than on cottplete: - 
ee ee ee ee 
ee etl?) 83 


Li * Leta: denote’ the fist infintaéri!: a calees . 

> equal: to the sét of all finite obdinals'@,/1, 2,8). Wee of to denote the. 
set w - {0}. A finite ordinal n € & Se MedHified’ wit the bet ‘of all - wot 
ordinals smaller than n. 


. Let-§ we an ordianh end-tt' ioe t.® se HP oe 
Easel omnes A; "an: they ave: fenetions front & tA." Pet ery 

© AR asa for every (4,8, fe He PS it of aL. 2a 
a, = an). 


oF identify, fot, n, K <u, the 


uF get aa? te — pais . ss aa = : is 
| “1.2 Ba a Taguig L've ‘mean ‘an ordered pair’ i. eae 
L = <L, o,>, where L = 1. U Le U Lp is a union of pairwise 


disjoint sets Lo, Lp, Lp galled. the-setof constant ee 
symbols, and predicate symbols, ively ‘ant pg? hy UL, set 
is a function called the arity function. 


1.3 Let L be a language and let X = {x, : n < o} be a set 


disjoint from L. The set X will be fixed throughout the paper. Elements of X 
are called individual variables. 


Let T(L) denote the set of all terms of L with variables from X, 
and Ly (L) the set of all first-order formulas over L augmented by the 


equality : symbol with variables from X. Finally, let ORL) denote the set of 
all open (i.e. quantifier-free) formulas from L, (L). 


For t € T(L), Var(t) is the set of all variables which occur in t. 
‘For a € LoL), Vara) is the set of all variables which occur free 
in a. For every n < # we define 
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THD, a) = ft TAL) Van's fy 27m, 
Loft, 9) -(eely, ): Rieger t4 < all and d 
OF(L, n) = OF(L) A L tin) 
The ceneas of L, wall, QO are called 


For t € TiL), cise wha a Cae ee 
t € T(L, n). Similarly, for a € Ly (L), arityle) is the least 
n ¢ # such that « € L walls 0). 


14 Let L be a language. By an L-srructure @ we mean a set 
A called the carrier of &, and an interpretation of symbols in L (i.e. a 


function s ~ 8“, for s € L) which satisfies the following conditions: 
141 if € Le then cM € A; | 
1.4.2 if f € Lp and op (0 = 0, then (M4: AM» A; 
1.4.3 if € Lp and p(s) = 0, thea ™ ¢ AP. 


An arbitrary t € T(L) determines in an L-structure W a 
function t@ : A® + A which is defined inductively in the obvious way 
(t™ is said to be the meaning of t in ®). The value of this function on 
a given a € A® depends only on the first arity(t) components of a. 
Therefore we shall sometimes write ambiguously (a), where a € AK and 


arity(t) < k, viewing t%(a) as the value of t™ on any extension of a 
to an w-vector over A. 


For an L-structure W, a € A®, and a € L, (L), 
<M, a> & @ means a is true of W under the valuation of variables a. Just 
as for terms, the truth of a in <&, a> depends only on the first n components 
of a, where n = arityle). For arityle) < k and a € AK, @ t ofa) means 
<, a®> & @ for any extension a* of a to an w-vector over A. 


We shall write © & «@ if for every a € AY, @, OF a. If 
~@ & a then @ is said to be a model for a. We write & a if for every 
L-structure W, @ & a. 


We extend the above definitions to sets of formulas. If Z ¢ 
L,,,(L) and @ is an L-structure then we write @  Z if for every 
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a €2, WF a@ holds. If this isthe case. thea W is:snid to be a model 
for =. Wovmpite & 2M every Ke sirectare sa sertel for, 7, 


Finally, if 2 ¢ Lo (L) and « € L, voll: then we 
write Z ba if every model for 2 is a model fot a. 


1.5 For every finite language. we adopt. standard Godel: 
eee Se en 10) ee ON ghee hoe 
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2. Friedman's Effective Definitions 


The notion of effective definition is due to H. Friedman ((12]). In 
section 2.1 we will define effective definitional schemes over a finite 
language L. They will be semantically equivalent (in all total 
interpretations) to Friedman's effective definitions over L augmented by =, a 
binary predicate symbol which is always interpreted as equality. We defer 
until later a full discussion of the appropriateness of our definition, but one 
pragmatic motivation is that we want our Logic of Effective Definitions to be 
similar to Deterministic Dynamic Logic, where tests for equality are allowed. 
(cf. 5.2). 


Friedman’s effective definitions are known to be of universal 
(computational) power over total interpretations (cf. [30] for discussion and 
further references). Many other classes of program schemes, e.g. flowcharts 
with indexed variables ([30]) or flowcharts with a stack and counters [23], 
are inter-translatable with the class of effective definitions. This 
phenomenon provides a system of finite descriptions which is semantically 
equivalent to effective definitions, the latter being infinite objects. We 
have decided nof to introduce finitary descriptions since they tend to be 
distracting. For example, many of our proofs involve constructing a new scheme 
from a given one. This construction is often easily described in English, but 
a formal description of the construct tends to be complex. Since our entire 
development depends only on the schemes involved and not on how they are 
described, there is certainly no harm in omitting such a system of finite 
descriptions. 


2.1 Effective Definitional Schemes 


Let L be a finite language and let n € o. By an effective 
definitional scheme (eds) S (over L) with variables among {x; : i < n} we 
mean a recursive function § : o + OF(L, a) x T(L, n) (S is recursive 
with respect to the codings fixed in 1.5). The set of all effective 
- definitional schemes over L with variables in {x; : i < n} is denoted by 
ED(L, n). The set of all eds's over L is denoted by ED(L) and is equal 
to Yie,EDIL, n). 


We adopt the following useful notation. If S € ED(L) and m € o, 
then as in is the first component and ty mn is the second 


component of the pair Sm), i.e. Xm) = <as mn ts mn >. For 
S € ED(L) we define arity(S) to be the least n < @ such that S € EDL, n). 


Let @ be an L-structure and let-§ € EEXL, a}: for some.n € wo. 
eee ABs A, Mhich is 
defined ia the following way: 


SMa) = = ha where iC ie the least element | 
ti the set Ce: tre falls. 


undefied, if there is no mych iL ey ee 
We write SMa} to indicte'thar I is defined at a 


. with V being the output variable. 


Just as in: £4; we will slightly sbwe the notation and write 
S™(a), where a € A™ sad arity) < k. This, should aot lead. to 


confusion, since the sesult $M rciiyreew site 
components of a. 


An eds S <-EDUL, a) is. said. ta be: deterasininic if for every 
L-structure & and for every a € A", ert 
has at most one clemest. 

The next definition is an obvious peseralization of the action of an 
effective definitional scheme. - 
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2.1.1 Recursively Enumerable Tree-schemes 


Let L be a finite language and let n € w. We describe here r.e. 
trees which compute n-ary functions in L-structures. (cf. [17]). 


The input variables are {x; : i < nj, there is one output variable 
z, and a countable set {v; : i € } of auxiliary variables. We assume 
that z € {x;: i < n} U fv; i € @}. 


Test conditions are arbitrary first-order open formulas over L 
(with equality) with variables in {x; +i < n} U {v; +i € @}. 


Assignment statements are expressions of the form y: = t, where 
y € {x;: i <n} U fv, : i € @} and t is a term over L with variables 
in {x;: i <n} U {v;:i € }. The variable y is called the left side 
expression of the assignment y: = t. 


Halt statements are expressions of the form STOP(z: = t), where t is 
a term over L with variables in {x; + i < n} U {v; : i € o}. 


Consider countable rooted trees with the property that every vertex has 
at most two successors. Each vertex with two successors is labeled by a test 
condition, each vertex with exactly one successor is labeled by an assignment 
statement, and each leaf is labeled by ‘a halt statement. Moreover we add a 
technical condition: for each path » leading from the root to a vertex labeled 
by a test condition a (resp. an assignment statement y: = t or a halt 
statement ‘STOP({z: = ¢)) if an auxiliary variable v; occurs in'@ (or in the 
term t in the case of assignment/halt statement), “then there is a subpath x’ 


of w leading from the root to a vertex labeled by an assignment statement with 
v; on the left side. 


Let T be a tree satisfying the above-mentioned conditions. For any 
path w in T let €, be a formal concatenation of all expressions which 
label vertices on that path (in the order in which they occur). Call T a 
recursively enumerable tree-scheme if the set Ke,, w>:@ leads in T 
from the root to a leaf} is a r.e. set. 


Let @ be an L-structure and let T be a r.e. tree-scheme over L 
with input variables in {x; : i < nj. The computation of T in % for input 


value a € A® is defined naturally. It starts with a being. substituted for 
the input variables. Then the assignment statements are performed in the 
obvious way. If the computation reaches a test condition a (along a path 1) 


1) 


then the next instruction tebe: executed isthe instruction dabeling: the. vertex 
reached either by +0 or by wl, depending on whether or not the test a is 


false at. this stage inthe computation: ‘When: thacebmpetition tedches a halt 
statement then it-stops with the-ontpat-computed frem-the‘tenm onthe right 


hand side of the statement. Let THs A" + A be the, partial function 
Se mes 


Let L be a finite language and let .€.m.... 


(i) For every eds $ € EDIL, th 8 emi ee Q EDI, 0 
such that-ia every Kratemature ©, SF we Qh ° & 


(ii For every ca ora Tn this 1 
eee nes er eerie re 


Proof: Fheé-prév€: of 8: iv obvious: 1 je path ii: T from 
the root to a halt statement. Let-e): tbrhesechirt Giiéatéenation’ of” 
Papa paieap oe on that vy y frtig rd a f 

reptesesita’ a ee maa het a id 


Let $ © EDU) and ket <a. nw a 


My: suf ca 
6 Say for a SR 


Ag eds § € ab enced i dion eves 5 XS: 
equal to Sf). hae naad to. salen pe 


2.2 * pstac shebrei oils ey t0 ‘a.giren, rwcture : 
Let L be a finite language, let . be an L-atructure, and let 9 ¢ 
A partiaf functiog t AM + A is said. to. be-W- i 


an eds § € EDXL, n) with f = sf A met W. 5 AS i oe 
S-semiconipatible ro tet Si oh Eputable function. 


ll 


Let S, Q € EDXL, n), and let & be a L-structure. Define a 
subset (S™ = Q®) ¢ A, by 


(S™ = QM) = fa € AM: SMays, QMa)s, and S™a) = Q™a)}. 
2.2.1 Proposition ((33]) 


Let L be a finite language and let n< o. Let 8, Q € EDL, n). 
Then there exist Pi, Po, Py € ED(L, n) which can be effectively 


found from indices for § and Q, such that for every L-structure @ and for 
every a € AM, ' 


Ga € (S 2 QM) itt PHays; 

Gi) Saye and Q™ays itt P%a)s; 

(ii) Either S™(a)+ or Q™(a)s iff P¥(ads. 

Proof: 

(i) By 2.1.2(i) we may assume that § and Q are deterministic. Let 
0:02 +6 


be a pairing function (i.e. a recursive one-to-one mapping of w2 
onto w; cf. [28]. Then 


P,((m, k)) = <ag in A & k A ts im = to. ; ty mn’? for m, k < #, 
is an eds with the required properties. 


(i) Again we may assume § and Q are deterministic. Let 
Pollm, 1) = (asin 4 80,1 's,0)- 
Then clearly PHa)s iff S"(a)+ and QMa)s. 


(ii) Is obvious. = 
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2.2.2 Corollary 
For arbitrary eds's S, Q and for an sxbitrary L-structur q, 


s¥ 2 QM is 8-semiconnputable: Moreover. 
sets are closed under finite unions and intersections. 


2.2.3 Example 


Let slccra(w ey dua lc wane 
successor and: a coastant 0. €. «. Sees Se eee ecsiom we 
precisely the partial recursive functions. 
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3. Logic of Effective Definitions 
3.1 § Syntax and Semantics 
Let L be a finite language. Let LBEXL):be tie teast-eet of 
expressions satisfying 311 - uae Blneats of LEDIL) are called 
LED formulas. OG ae aj 
3.1.1 If S, Q € ED(L) then S? Q CLEBL). 


3.1.2 If a, 6 € LEDML) then “we, (@-A A), and te vp) 
belong to LED(L). 


3.1.30" pohineainachisbiaimeyiemeten 
ax, @ and hind een: to. a. an ie 
3.1.1 and eerie dea to be pesitiw if the 
negation sign (~) does not occur in a. ee ne ena oe ee 

we introduce the following seein formilas: si 


ft ned fot ee P 
copula BAG =e. 


at 


If @ € LED(L) and if # is a L-structure and.a ¢ AY, then 
<M, & & a@ means that “a is true in W under v3 a oe, > ka is 
ee oe ae ee follows: 


Vaasa: 
31.4 Hea ie Sé Qliwhere’'8; Q:¢ BENE then 
a, D ke iff a eghegh 


3.1.5 Ife is -® then a. 


— ere iff ner<@l ° te 6. Zoom ($200 
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3.1.6 If @ is By A By then 

i, > Fa iff both aie ied 
M17, Headey WAgfeas =: coe ED | 
aa, a eo iff either a, ee. ont 


3.1.8 If a is Vx, fi then toot GENTE 7 


fi, © F @ iff for all a' € AY such that. . -. 
a! & Tor k 4 i, &, a> & BO holds. 


3.1.9 Wa is 3x, then ot, a> & @ iff net. Ml, > Vx 8. . 


2 tte ocr yw et 


¥.a.€ AY, (ya, Jag i: ta 
case @ is said to be a model for a. Finally we write a if for every 
L-structure &, ho = eee ee ee 


3.2 Propet Ripe LED 
3.21 Total Equivalence 
It follows immediately from our ¢ aS Exd’g «wins, 
| LED conte viewed m4 Hirsrtr gett op em sk ort which 
express total equivaleace of Friedmadiecheie = se 


3.2.2 Strong Equivalence 


. & > os 


_ For 8, Q € ED{L), let S ® Q be ap-abbrevintion of: te-LED formula 
(S2 SV Qs Q +S2Q It is easy to check that for an L-structure ©, 
8 eS = Q iff SY = QT. Therefore eS 5 Q iff S and Q are 
strongly equivalent (cf. [14)). 
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3.2.3 Weak Equivalence 


For S, Q € EDL), let § ~ ~ Q be an abbreviation of the LED formula 
(S=SAQ2Q) 75=Q. If it easy to see that for an L-structure ©, : 
% FS ~ Q iff both S™ and Q™ can be extended to the | 
function. Therefore & S ~ Q iff S and Q are weakly” 


3.2.4 © Teremtnation Properties 


For an ere S € EDIE) it it cary toe that’ 88 expeeses 
the property that § terminates, ic. for spd: prture U, M.S. 8 iff. 
s™ is total. ta she-euest wee the mere bgghtih olen for 
S#S. We also write S* for-“64... i 


First-order logic L, .(L) is naturally inifétpretatie in 
ae in the following sense: for every « ¢. L ) there 2 in 
a_€ LEDIL) which can be effectively found | . 


3 e . L-structure « and. for. every.@ + Me, Phe it. 
a, ok Pa 


mae, Se 


For an,0g0n fosmnin 0. OF) we defpe'y obi 8, ‘S., 
where S, € ED(L) is a finite eds defined by &(k) =.<e,, xp. far all: 
k<e. 


Ifa € Ly (L) is an arbitrary formula then first ee take the 
prenex normal fotm ef «; say f-Je*, where £4] -is a black of ‘quantifiers 
and a* is an open formula. Thea .we.set #, to be [-legs. P ; 


| leet pik gape col pt 
i.e. if a first-order formula a occurs as a ab ats 
which is intended to be a LED formula then a is | 
ee eg Se re eh th bSaty 3 ee 


the corresponding 


3. 26 Representation of Terms 


If t € T(L) then ‘the finite eds S, € ED(L) defined by 
Sm) = <tt, © for m <w;- representi the terdr t, 1.¢."exsttly the saine 
individual variablés-oscur i in t and Si and for every L-structure. ©. and for. 


every a € A®, a = ste. 
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If S € ED(L) and t;, ty € TUL) then S= t,, ty * 8, and 
i ty are abbreviations of the LED formulas 8 « Aye 3 ge 


8,28, and $2 

. 3.2.7 Partial Correctness. 

ef a en 
leta € L. (L, n) and 8 <€ LCL, nel) be 


first-order formuias.. The LED forntelaca:+ ‘Wilde x, 


the partial: correctness of S with respect to the inpet conc dition a and 
output condition & tcf. [14B,-i:e:: a aeacware a¢€ 
AS, A, > ba > Vx (Se x, + 6) iff witinedtr Tt afay:..:, #1) 


and S"(ap, ..., aq_;) terminates with result.b ¢.A, then, M.t MLag.-.--» @,_1> bd. 


3.2.8 Total Correctness, 


For L, Sa, # a shove (in 3.27 the LED formal ne 
a> 3x (Sex, i el Se cae 8 wae vel © Se tet 
condition @ and the eutpot edaditiOn 8 tcf. TT4Y, ie: fot aay L-structure 
W and for any a € A®, @, a Fa + 3x (Ss x, A 6) iff whenever” 
Wt alay, . cele oe oe 
b € A and © & @ap, .. Opp 
3.2.9 en eyes 


For Gite lpgungs be xis doen the to 


all formulas over L ofthe logic L, (cf Tey. 
Ly ofl) differs. from Ly ofh): a at aw coat 
_ conjunctions “and disjuiictions. ee we 


We now show that LED formulae tralia ao Ly 
formulas. The only thing we have to de:#e2o show: lew: te triinslate-a formula 
of the form S= ee Daye 


formula. First, observe that 82 Q. is: aticall aeinaea (oe. 
equivalent in all L-structures) to the. infinite isjuncti Vic seeat je: 2 
where @;,; © OPTLY cipremes that § stops at the ith wep, Q stape at 


17 
the j-th step and both give the same: result, ic. as) 


“Ames, Macau? 4 "SI ae “ai 
tsi = ‘oj 


ee ee : 
oar) . in: later: secti¢ns. 


3.3 Normal-form Results for LED ee . 


The following question arises naturally: What properties of programs 
are expreasibie-by LED fermuladt: Tie dondwatale@ low GE a'pirdal 
answer te: this ~questiog.! (VES Som. Mids: ys Pde Fay syelkD sett a me i 


£% re ae Pd Pe 
are aA eg 


3.3.1 Theorem a3) 
Und an raxtt. 
Let L be a finite language. . | 
bg ab ccrboeila 8 yi bio cyan i 
mel For concy, posite spent Sorabln 190 BOY Wicd th" an et am 
S € EDL), aaa ace aaa , 


: ; cst Pyeyes S those. ted a : 
eg oS aa) MM Qe eee 5. &. bavasy Melee wi Ss 
HOTESTRD adil cu 


(2) Fever oon Roca & < LDA) thee eole'a'< ocend chek is 
Q; € ED(L) for i = i, .. cinfie aai i became: 1 < shea 
effectively and foupd, from « and ey wl saaawinl nlad sw 3 


kaw ey =Q) 


- _ eter open formala € LEDIL) thr eit a <w and i's 


a a Soo pe wach that 
Fa @: Pee ene a wn ¥ ; 


(4) For every open fortauia a € LED) thoreeuists 4 recursively. 
enumerable set S,, : m < e} of eds's in EDIL) on the Godel numbers of 


ete Ae 1 #1 


the i fi a ck: pl el sia pe enor emy 


a€ Ae a : 3 ae siege ayel 
a, 0 oi fot ory m0 4 or, + 


Proof: (1) follows from Proposition 22.1. 3 follows nae w by using 
conjunctive normal form for open formulas. (2) follows from (3); i.e. 
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S+ + Q+ can easily be expressed as Sy ¥ Qy: for some {effectively 

found) eds's Sx, Qe. Finally (4: follows. from (3k i.e,-8t V°Q* can be : 

easily expressed as A. P..* for an r.e. set {P,. : m < w} of eds's. a 
It is pechaps interesting to. note ‘that imigeneral:the:a in (2) or in 

(3) cannot be bounded by any integer. Tne Roles fecmn she Sores 28 

due to J. Bergstra. 


3.3.2 Theorem (30) 


"Siice caigtp finite lanqumap A. oth stedoetnatiabie wick that 
for every n < w there exists an open formula « € LED(L}wsck:that for 
arbitrary eds's Sp, .. + Si QA - » Qy.y in EDIL), : - 

Wand, xn OP * OY) oe or Hd, 
The proof of the above result uses a structure in which ede’s define partly . 
computable. function: Lal aie emmeascrenn Comprar ara oe 
properties. diy Me. age aa age focde se PRET 


The next result is proved in the same way: as the analogous result (i.e. 
sa a aie leila olan a see 


bai bea aaa: Fey «LED ee it 
ay € LED(L) such that 


(a Bet ee 


(id ws i ofthe fr Oy, On. ni a 
is either ¥ or 3, and ¢ is an open LBDUHL? forinule. © 


3.4. we nen) ene ee 


It follows fr 3. 2.5 that finite, structare is, ey, definable 
oo HESS Lo ormvala (cs to a first order 
formula). oe ae what structures are 
uniquely axiomatizable by a single LED formula? We give a complete 
characterization of structures which are uniquely iatiomatizable*by open LED(L) 
formulas, in the casé that L contains at least one constant. 
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Let us start.-with the following example. 
3.4.1 Example 


Let Lc= (0), Le = {8}, op(S) + 1, Ly = ¢. Define an eds 
Q <« EDL, 1) by Qn) = = SAO = adi 


It is easy to see that if a is: 
DEK Cag) * By) s92 2) 8 aay = 0 _ 


then for every Leatrecturé ): Wit @iff-f% Go; ‘S, , ‘where Sis 
interpreted as successor. _ bec 


An L-structure ™ is said to be inal, definable by a set E of ode 
 LED(L) formisias if is the only tiode (Gp W bottorphisin) of Z. Since LED 
formulas express program properties (cf. 3.2 and 3.3), structures uniquely — 
defined in LED can be viewed as those which are uniquely desetibable by their 
algorithmic properties. For example, STACK can be 
structure (cf. [29]} whith can‘ then He SHOW t0° te 
it follows from Proposition 3.4.2 below that wun e (cf. £9 cag. be 
viewed as structures ugiquely. definitle hr LED“ 

integers, the field of rationals, and the field of recursive reals (cf. 


3.4.2 Proposition ([4]) 


Let L be'a finite language with Lo #8. Let § be an, 
L-structure. The following conditions are equivalent: 


(1) “Wis uniquely definable hes a ‘et of. open LBL) fortes 


(2) See Son eh ee 
predicates, where each $6 ED(L), | 7] 


(3) ne rope iti noo 8 A te : 
te TL, O witha: ; 


Proof: (1) + (3) and (2) + (i).aee: abvieus; For-(3) *:€2), we show that 
the property of having no proper substructures can be expressed by one formrala 
of the form S+ wae a 

[7] for a definition) of ©. | 
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For an arbitrary finite language 1 the following analogue of 3.4.2 can 
be proved. . 
| 3.4.3 Proposition ((4)) 

For an arbitrary finite language L, falas’: aes 
uniquely definable by a set of open LED formulas then ® lias no proper 
substructures, i.e. for every substructure %p of @. with fig 4 #,.%g = © 
holds. 


Proof: Let & be uniquely definable by a set 2 of open LED(L) formulas. 
Each substructure Wp of © satisfies:2: ax well,;se %g ¥.0.-Gince ® 


has finitely generated substructures (which must be isomorphic to ), we. 
conclude that © itself is finitely generated. Tf ig is a. proper 


pabetreceite of en we eat 3: sa Noy + of Lester sch tht 
(id bid sray 3 €%, My hm pope rbot of Wg 


eee. feed fs 
pus Por 


ii) for every n < @, there is an mor bm Mant Sa 
such that FW 2H) 
Then #* = U9 is not finitely generated: sind’ Yds not 


isomorphic to @. On the other hand, eee ee ee 
LED(L) formulas. :  & © . 


pareryeys we an a 


faeces to iidia caciatcaiien ad avec nique: definable by . 
a single LED formula: we ‘inttodece some ‘standitd di wept g - 


pe ten oe meee SY Se a 
{to -: “> Ty v with oy (r) = n; for i< sania Na 
L-structure without, proper Tila be 
recursive coding ‘fixed ‘in: 1:5.’ "Dities fk ee kes oh ple CW = 
<Arp, #), ..., Or, 1, 9, As, ae 
Ole WD Saf 44 kaa Gly) Sek ana ta) aes 


() for ick and «mg an mP < cet, 
<img, +++ m,—D € Clr;, ©) iff <glmp), ..., am, _1? € ij 


2k 


(id) for <mg, m)> € € o?, 


cmp, mp eC, oan sng: gin). ae 
For a set X, et 900 dee te tof all whe of XX Let €'s 
Pro"), x 1 x Pla kl) x. Sel) beithe sot obvthowe: kebteples - 
<Cop +1 Cher Ee of eelations incqssoill that hie dee 1th: 


coding lin the esas’ Gb UD hove al aa Jelation. ia, Ti, © (she 
Samer repr: ane 


in a natural way), and for every i <« k thesfeilawing-baldic for all m,‘p € 
oh nah SP ee achgend wade aS 


Lat Wt denote the thes of ial Ebitrecture)” ; 
substructures. Ie‘hriealayto obidedve that oe: a 


corresponds in a natural way (#9 = fam fc area es “And 
4 sabe RE CO: x “aight: x He?) in sid to.be 
M19 if there exists a recursive (ie. AD) formela #ltp, or They *, 1 %) 


such that <Cp, ..., Cy_1, ee igh “Set Bt 7 
is true in the standard model of arithmetic. 


Ae ES “Be Vos 


A subclass 6 ¢ 7 is 19- faale BEE AY 
set. Otwerve that € defaed above is «seep pions 


3.4.4 Theorem ((4)) 


Leth Be a finite fanguagt with Lo # ind gp She an. 
L-structure. The moves conditions are areviner 


(i) Wir anigely define by «tng forma of the frm 8, fra 
certain S € ED(L) 


(ii) W is uniquely definable by a cerlah dl mappa a 
fa; : i < @} of open LED(L) forromlasn © 2 oe: 


(ii) 4 has no proper substructures and @ is iisaecis, 


Proof: (i) + (ii) is obvious. For (ii) ~ (iii) we apply Theorem 3.3.1(4) 
and transform {a; : i < #} into the semantically equivalent re. set 
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{S;+: i < #} with S; € ED(L) for i<@. Then from Ay 5;+ we get a If 
condition defining *. To prove (iii) + {i ally. reverse the root 


of (i) > (iid, applying a recursive af the Fake seobentin 
positive integers, tw 


Inthe aes two sections, we expla the tries we made in 3.2.9 
i Sue MeraomniS 4 Aan mumaermmare er att 


ee 5 “ Complaces SPhariet ae 


notion of the consistency property, 


3.5.4 siden al rinatlon 
inside". Let « « LDU) (the taagenge i fined roughout. the section). 
Then the formuta ‘es’ @ ‘defined j EN ante Aare tars 


(S=  Qy ares ; : 
(7e)’ is @, ear; 7 

(a VB)’ isa’ AS, | 

(aA 6)’ is.0°N 8, 

(3x6) is Vala), 


| age ie ee) | 
Now we are in potion to pet the ye, 
3.5.2 Axioms 


Whar he eng a heey we «€LEDI ad and 
are any individual variables.” 


A.l Every tt of fniry pops lg 


A.2 “a + a’, 


A.3 g{n) 5 Qa =: | ° Ee 
where n <o, and 8, Q € BOM, 
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A.4  Wxa + a(x/t), 
where t € T(L), t is free for x in a, and a(x/t) is 
obtained by replacing each free occurrence of x in @ by t. 


A5 x=x 

A6 xty*ytx: 

A.7 (a At= x) + a(x/t). 
3.5.3 ‘Rules of Inference 


In the rules below, a, 8 € LED(L) and x is any individual 
variable. 


R.1 a, af 
R.2 a 28 


where x does not occur free in a. 


R.3 fa > (S"! QO) :n< wo} 
a + “(S= Q) 


where S, Q € ED(L). 


Let © ¢ LED(L) and let a € LED(L). Then a is said to be 
provable from 2, in symbols 2 Fy EDL) % if a belongs to the least 


set of LED(L) formulas which contains 2, all the axioms obtained from schemes 
A.1 - A.7, and which is closed under the rules of inference R.1 - R.3. We 
write Z E @ if every model for 2 is a model for a. 


3.5.4 LED Over Arbitrary Languages 


Our proof of the completeness of the above formal system will require 
us to work with countable languages rather than with finite ones, so we define 
here LED{L) for an arbitrary language L to be U{LED(Lp) : Lp ¢ L 
and Lo is finite}. Observe that all the notions introduced in section 3.5 


make sense for arbitrary languages, in particular the notion of provability in 
the formal system (3.5.2, 3.5.3). 
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The result below has been proved (in (32) for-a theeé-valued-logic of 
programs, but only for finite sets Z rigane Wien rthetivians (in [33)) 
to LED, but again only: for fipite ete 2B: = 


3.5.5 Theorem 


_ Let L be a countable language. For every 3 ¢ EEDGL) and for 
every a € LED(L), Z Fre) « iff 2 Fa. 


ris pile SS esl aiid al Gel tee Cansei hee ot LED 
formulas, the Model Existence Theorem, an anslogows: result to that for 
L This theorem is based on-the notion of a consistency property. . 


oo 
‘The reader may compare the condétency property ‘for LED with the 
corresponding property for L, yw (F [16)). 


3.5.6 Consistency Property 


Let L be a countable language. Let L™ denote the | 
obtained from L by adding a countable set C of constant gpmitpls. Let U be a 
set of countable subsets of LED(L*). U is said to have the consistency 
property iff for each u € U and for arbiteary-«, @-6-LEIME");, all the: « 
following hold. 

C.1 (Consistency Rule) Either a €u or a fu. 

C.2. (' - Rule) If ~w € u thea u U fa} € UL 


C.3 (A - Rule) one MSs ane Eee em 


wl Rev. 
C4 (¥- ale) H (ge) Cu thew or ie €, 
wu fate FEU. | 
C5 (V- Rule) I le V 8 C0 then either u Ufo) €U oe 
uU $B} EU. | 


C6 (3 - Rake)’ Hag 3 Onl ene G 
u U fafx,/o} € U. 


C7 (Convergence Rule) rie £7 HA, TEI Qe 
+ then for some a Co, 1 GMC 
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C8 (Divergence Rule) For 8, Q.€ EDL”), if — 
~(S= Q) € u then for all'n, «, 
u Uys Qh ey. 


ene) tae aa ete 
form: ficy, ..., Cy) where f € Lp, AQ. =, ny:00d. Cp, o009 Cy € C. vores 


C.9 (Equality Rules) Let't be' 8 Getic term; and'c;4 €C, 
ué€U 


If (c= d) € u then u U d= c} € U. 

If cz t, ofx/) € wu then. y U falx/c}},€ U.. 

For some ec € Cw U fod FEU. | 
3.5.7: Model: Existence Theorem — 
1 U bs the conan property nade €U, thea u has = model,” 


Proof: Th poo mente se hat ote sao ret or 
Lee (cf. Cie. of 


3.5.8 . Proposition 


17 5 WL ao 8 <Low Fan 
T Frepay & 


Proofi Suppose T+ 8 in LED(L*). Since proofs in LED are a dnddie 
instances of proofs in L. a it follows.from-.cut-elimination for  — - 


Law (cf (20) that there is a proof of 6 from Pie LEDUL") 
which uses no constant symbols from c _Therefore r “a 6. in LED{L). a 


. 35.9. “ Now-swe sre in pouititn to prbte'3.55, Wr te in LED) 
then obviously Z F a. Now suppose Z ¥ a@ in L ,, Let Bie the sét of 
all universal closures of formulas in Z. Obviously ¥ a in LED{L). Let e 
U = 2" Vu: is «finite covey Rhee ‘and - 
Since L is aoe every clement of. U. is ako : 
check that U tas the cofts . 


2* U (ra) haa mode Ol 


re! re by 3. 5. ‘i 


Remark. We-essentially needed the cut’ ‘elimination ‘theorem in the proof of 
3.5.8 aes for ee case ‘where fers are eee mae many pan variables 
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which do not occur (free og bound) ia Sapam Ff... ‘Ja partioutar this 
proof does not use cut elimination when I' a Bite. © cae 


3.6 The Hanf Number of LED 


In this section we investigate the Lowes n- Skole: theorems in. LED. 
Bene he erent Lea eer rn 


(cf. [16]), it semains.trye:for LED. (of. 3.2.9. “line we get: 
(3.6.1 Theorem 


Fos every Cales toners EM Por ooery FS EEDES, if Z has 
an infinite model then it has a: countable model. 


We have already seen in 3.4.1. that.the upwaed, LAwenbeim-Skolem Theorem 
fails for LED. Let L be a finite language. The Hanf sumber of LED(L) (cf. [16)) 
is the. least cardinal «such that. for.cach-¢:¢ LED, fetes 
model of power 2 « then » has arbitrary models. 


“The cardinals 3,, for « an ordinal, are defined inductively: 


39° % Seu = Pe D+ Upegly when a is a eie‘oetionl 


An ordinal « is-s2id to ‘be-a' reewrsive' ordinal fof (281° if there 
is a recursive binary relation R ¢ wo” such that R is a well-ordering of type 
@. ee 


3.6.2 Theorem (33) 
tn tary ft ly soe ty ee | = 
number of LEDIE) is TK, poe 
Proof: Let-« denote the Haaf. number of LEEUL).. Fiset we show that 
esa ofK. Let UK be the predicate calcales with recessively 
enumerable disjunctions allowed (cf. (16). Tt is easy. to. check that LEDL) 
is interpretable (as in 3.2.9 in LE ‘By the Morley-Bacwiee theorem 


(cf. [16], Thm. 22), which says that the Hanf number alate is of 


it follows « <a wfK The inequality 3,€K S «follows from the next rest 
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3.6.3. Proposition ((33)) 


Let L be a language as in 3.6.2. Then for every recursive ordinal a 
there is a ¢ € LED(L) which has a model of size 3,, and has no model of 


size > .: 


Proof: We modify the example due to Morley (cf. [16], p. 70) of a sentence » 
in Loe with the required properties. Details are given in [33]. | 


B 


pie attr gesacte animate oer gg crehsnenery eee 
aaa 


- Sais sncitts Popa ne. vig “ So Sega B eS Pees | er ce 
™ i cs ac” a aed ee et SORes SNe A . oe . 
S s 
vert BSE a wo weuseeg ete pS aePieG se - Te sie 
aie Sed s +e Mm oS a - Fe PF git } 


We first introduce some notation. Let L be 2 finite language. Let 
XH be a class of L-structures. Recall that for « € LEDE), 
A a means that every W € His a model for a. If 2 ¢ LED(L), 
then by Mod{Z) we denote the class of all models for 2. 


Let S € ED{(L, n). By the partial correciness theory of S with 
respect to 2 we mean the set PCS, Y) = (a, > € Lf, n) 
x LL, nel): We a + Vx (Ss x, + A} (this set is 
denoted in [6] as MPC-»({9). 


By the ‘otal correctness theory of $ with respect to X’ we mean the 
set TOS, 27) = (ca, 6 € LL, ox LO, mel): Pew + In (Sé x, A A} 
(this set is denoted in [6] ss MTCoy(®). 


4.1.1. Theorem 


For an arbitrary finite language L, n < #, 8, Q € EDUL, a), and a 
Class SY of L-structures, all of the following hold. 


(a If 2 S= Q then TOS, X) = TAQ, ©). 
(i TOS, ¥)= TAQ, YX) iff Hes2Q. 

(i) =f eS & Q then POS, %) = PAQ, 2). 
(iv) If POS, 2) = PQ, HY) then We S~Q. 


Proof: Straightforward. a 
4.1.2 We now consider the converses of (i, (ii) and (iv) of 
4.1.1. Let LOOP be an eds defined by LOOP(m) = <“txq = x9), 4 


for m < . Obviously in every L-structure %, Loor® = ». Now, if 
HX4 # then the implication in (i) cannot be reversed for trivial 
reasons -- clearly TOLOOP, 2%) = TCALOOP, XY) but | 
2% LOOP = LOOP. For (iv) it is enough to observe that for every S € 
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EDL, 1), 2% LOOP ~ S but <xp #. x9) “May = Xp)? € POS, 0) iff 

Xe LOOP = S. This observation gives rise to many counter-examples. The 

subsections 4.2 through 4.5 are devoted to i g the question: for 

hig classes 2X can the implication in (ii) be reversed to hold for arbitrary 
S, Q € ED(L)? In 4.2.we shall dee: tint tp getlerat(fi chnnet be Feversed. 

On the othes: hand,. in 4.3..we.se deat-ikceee:alhete langatie exesnsion® 't5 « iad 

express partial correctness conditions ‘then (iid eam beireversed for an ~ 

arbitrary (first-order) elementary class X° Finally, 4.4 shows that for the 

class of all L-structures “partial correatnéss deterniidies the semantics”. 


A class. of, L-steyesures ee 
ote s, Q € EDL: sida nalnian ks meant 


4.2 Determinateness on meanpiets C= 

ae ga eegua as 7 
Avdluse OY ol \ crecteres & cole so be demdesay if (or soles 
ZS LU AL), = Mod{Z). In this subsection we iteditigatethe == 


question: anes © 2, Siren clecmen ity chm ee come’ The first result 
Se fa ae oad nae oe cae " - x “aS ra sin Be 8 


42.1 Theorem (6) a eae 
LetL. be the following languages: Le # vhs aL A ak 


id ha = py (g) = 1...Than.the, sa ia ane =::gltixgp): = yp” 
is not eds-complete. — 


Proof: Take S to compute the two sigumaat projection function 
Sixp, xj) = xq Letad €:BD(L; 2) be, ah ede, thit resect given 
two arguments, it checks whether the first argument finite. 
subalgebra, or the second argument § netates 

a ent, bs 


argurkent’ belongs tothe ‘sub algebra ‘pendy ter ~ by ee pot. If 
the above conditions hold then i vier ott it, oth 
it diverges. a Peete 
Clearly YES #Q. To prove PO XH) = £390, 2) ame 
y holds.” i. 


first that’ PERS, S09 '© POXQ;-9) obi 
<a, B> € POQ, HX) - PCS, 7) then WE Hive” 


R] 
He fa A “Blxy/a9) ll 


HK w+ Bafa) 
| ‘Let 7 © Lyg(hy 2 be the formal «A “4 ag 
By a standesd application of the ‘Compictates ‘Fhaceein (7, TY wef 
a 
ees mbt eo 
and the subalgebras generated: by-2,. b, cor a tafnine ant phirwise 
disjoint. Then from the specification oF OF it Yallade thar”. : 
there is an automorphism h : % + W such that his) = a and Wb) = c. “But this 
contradicts (*). @ eats ; 
The msn ret hi stein he owing 
4.2.2 Fheerom €68 = : 
Let bes nonempty elementary clans ab L -teputtores: Boer 
S, Q € EDL), if PAS, Y) = PCIQ, 2) then there exists a countable ¢ 2° 
such that © FS = Q. cD wisneat 
Proof: Let $; Qi€- EDIL) “Define & tempat faulty fr, a Ce} or 
aa aaa a fit Per neat eet” tae 
2a * C88 Y XS 0 * fan) Mga coh | 
oe # eget Hem? fat Kaggtme Cob 
UATE Kall mh Het Ee, 


Tore heeled oo | 


: By Toe routing Galig st 
tn fot the necessary model trance 
Proposition A 


Let 2 anil Z be as, above, Ws, Qs PAL i deoniniie , os 
2.1) then the following conditions are. equiyalaat-.-. : 
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(ig) POS, H) = PAQ, H%). 
(ii,) For every n ¢< @, & locally omits ry 
Proposition B 


Let & be an L-structure. If S, Q € ED(L) are deterministic then 
the following conditions are equivalent: 


(ip WESEQ. 
(iip) For every n << @, @ omits I’... 


Now 4.2.2 follows from 2.1.2(i), propositions A and B, and the 
Omitting Types Theorem (cf. [7], Thm. 2.2.15). é 


In the rest of this subsection we derive some corollaries from 4.2.2. 


Call an elementary class % of L-structures complete if any two 
elements of satisfy exactly the same sentences in L. (L). 


4.2.3 Corollary ((6)) 


Let %be a nonempty complete elementary class of L-structures. 
The following conditions are equivalent for arbitrary S, Q € ED(L). 


(i) POS, 2%) = PQ, H). 
(ii) For some countable @ € 2% WES =Q. 
(iii) | ‘For some countable % € 2 PC{S, {@}) = PC(Q, {®). 
Proof: By 4.2.2 and 4.1.1, (i) + (ii) and (ii ~ (iii) hold (we have not 
yet used the assumption that % is complete). Implication (iii) + () 
follows from the following easy fact. If 2 is a complete elementary class of 


L-structures then for every S € ED(L) and for every @ € 2%, 
POS, 20) = POS, {#). | 
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4.2.4 Corollary ((6)) 


Let 2 be an w-categorieal complete: elementary ‘cians of 
L-structures (i.e. 1 contains a countable L-structure and gny two 
countable elements of Ware isomorphic). Then Xis ede-complete. 
Proof: Follows immediately from 4.2.3 and 3.6.1. a a 


Call a clas 3 of L-structre HED complete if all elements 


of have the same termination properties, i.e. igi alone 
and for arbitrary ©, MW, € HM, & So iff M, & Se. j 


4.2.5 Corollary 


Let 3 & tonempyeeentay ca of Lr If His 
TILED _complete then: X is .eds- 


Proof: Follows from 4.2.2 aad 3.3.0: - B:. 


| An L-structure @ is said to be algorithmically trivial if for 
every S € ED(L), if © & S+ then for some n < 0). Wie S 
ithmically trivial stractures have been investigated by many authors (cf. 
nae 17, 18, 19,..349),. PO 
reader should: consult [34}, 


‘The next! result gives a full charsdlesientide of @e éde-Gompleia 
Classes among all clementary complete ones. 


4.2.6 Theorem 
For a complete elementary class 2 all the following conditions are 


() is ede-complete.. 
Gi) is HEED complete. 
(ii) Every  € 2 is algorithmically trivial 


Proof: The only interesting case is when is a class of infinite 
structures. ; 
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(i) » (iid. If & € His not algorithmically trivial then. there 
exists m with 0 < m < , and S € EDL, m) such that @ & S* but for 
n < wo, © 6 Ms.” Without loss of ‘genefality;'S Cari'be thosefi'so that 
it coments 0 verte Biopeescs te er oer ‘Let rye 
Axg, -- m-1) = % be a total eds which Gab Geka Since 
5 i Hot aqua G any of file end 'K 8 
compactness argument there is @°¢ OY tuch that § I eee ®. Here 
we get a contradiction since % & S ® Q, so by 3.6.1 ©..can. be assumed to be 
countable. Then by 4.1.1(ii) PO{S, (Wp) = PO(Q, fW)), and by 4.2.3 
actin ee ee TNA SO Ww atrconmenonene ont ® 5 8 0. 2 
contradiction. © : ‘ 


2 


id + Gia “ccteubis Wt isicdaebl* 
(i) + (i — follows from 4.2.5. 8 


| Bre rn ups wh end ee from 42.6 
For an L-structure @, Fat®) sisi (w.: £2) Wc Oe a?" ee 

4.2.7 ere bokeh atieomeiimemnck * Then 2X7 MoATHO) 

is not te compie ee ae 


Mod FR) is ‘not - tc thy 342 8 not ateocith a 
trivial). 


4.3. Determinateness via ase Extensions sions 


Let L be a finite tntiguage. Let'h "be the language of ae 
arithmetic, Le, Np) +i Jag * 1, AAT byl 2, 
Nc = (Gj. saereal one vce § ear omerali ey! 


L(N) be the extension of L b N. | 
let S¢(N) be the class of ‘alt’ 


The aim of this dibeechion isi ckeich &’ pond of the following | 
result, which has been obtained independently and at shout the same time in [6] 


4.3.1 Theorem ((6, 22) 


Lisi ees ae biasaty “Citak ok gaia Sccelcaonaeie Then for . 
arbitrary S, Q € EDXL), if POS, 2 OW)»: PQ WN then. 8 # Q 


Proof: A moment of rfketion apo 4.1.) showy that in ert poe 
03.0 It i egitceat CS meee 10 feet Oy lowing result. 


4.3.2 Theorem 


ie ee ulin eae eae Then if _ 
S € EDL, a) es cote © ls fer ee 8 6 mails ee A 
a, ae aia aici 
that 


(i) HIN 9 + 8. 


(ia - 9 is consistent with 27(NI;:ie: for some” 
8 ¢ CM, BP 3ay.38, 1. 


ae Fist ‘we, iatreduete-eamah torsibnclogy?: “Av UN patnictate Wis” 
whe fe Canoe ee 
of arithmetic (i.e. Why = <w, 0, S, +, >). For m < @, m is an 


abbreviation ‘for the term S40). “The net ‘rejalt,the key Jemma for: the 
proof of 4.3.2. 


4.3.3 Lemma 6, 22)) 


Let fay: a <5 OL, 4 a mec wf 
formulas. Then there Gt ees gALON, aa 
formula y € L, (LON), nvf) such thet ets 


() ois trie in satel sity 


(i | For each m ¢@, FW * (ey 


Proof: “The proot of ti lene i an idghition the wal poot of the 
representation of recursive functions in arithmetic. Details are omitted. 


Proof of 4.3.2: Let S € ED(L, n). Apply 4.3.3 to the re. set 
{Tag mn m < #}. Let # and 7 be formulas obtained from 4.3.3. Then 
¥ A Vx. satisfies (i) and (i) of 4.3.2. | 
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To relate 4.3.1 to arbitrary elementary Classes. we state the following 


auxiliary result. 
4.3.4 Proposition 


Let Xbe an. ‘clags.of Lretructures: whick: contains a. 
countable structure, ‘Let XH be the. class. of ail copntable structures in: 


XC Then for an: arbiteacy 8:4 BIE), POS, 47 POS, Ny. 
Proof: Follows from 3.6.1. 8. 


4.3.5 Corellary 6), [22)) 


Let be an elementary clas of L-structures. Then for arbitrary 
S, Q © BBE PES: UF « POO, SO chal OB #0. | 


One may: ask’ simibir questions t0 those in 4.1; 4.2 4.3 for 
definitional schemes which need not téBe ehfettive:Fe:- the defftiition in” 
2.1 the function S is arbitrary. I tras out that al reals of 41 and 4.2 
carry over to this more general mach: ‘yr 
‘method of proving 4.3.5 essentially depends on effectiveness of a given scheme. 
The next result shows that 4.3.5 is no longer true for arbitrary definitional 


schemes, even for an elementary pe which (cf. 
4.4). Let-E- be the nite isbiéme in’ POL SteABAY ailbpates the 
Kn) ® «xq * Xq, Xp for n< w. Fr tne poe rl 
be the class of all L-structures. 


4.3.6 Theorem 


Let L b+ Bee ib = Lah 3 
Lp * {rq --- aR Lcinicoen: lane nt 


iwi caine. ] | ood feontt 
Re lPRo 
(i) Biggiylt 2 1 and Leah ep 2 te 
Then thre ents (nnefetiva defn ane 8 ove Ly 


such that for an arbitrary extension L ¢ L*, the following two 
conditions hold’ 


6 
(*) POS, Struct(L*)) = Port, struct). 
(**) For some @ € Struct(L), W & 3xpSt. 


Proof: We shih Mese\a pral of 45.6:for the case where Li cantalas two 
unary function symbols'f and ¢:° “Fhe ptoof for’ other cases’ menitioned in (i, 
(ii) is essentially’ the same. Let S:Ue ateheaié Gifatd ts follows? 
S(n) = <a, % for a <w; where ag ty: = Sy) add feria ¢ 0, 


“(glx z Iq): fy (ade: Se 


re | 


AafMag) = fig, if o,(0, 


ty ee NE va 
ges’ STP Bo. 
e 


where »,, is the i-th pactial recursive function in, 9; pina spe 


To pega 6) ae sy ce SH Bie BEE: 
POS, Struct(h.")) - POL en 41,79), thea. satay 


(4, ain RA. a Ss ae 
(4,3.8) gs. some. 


eta Aaa, al 


Extend L* i Ariane pcp Let y be the. sentence 
a{c) A “fc, c). Thus 7 is consistent and 


aaa oy ~. af for i tree ite — : 


Al Hac) te dhe oc cla dere daca: tea a ‘pte 
ee Let 


= falfo)) = enc w U gfe) = fd sn Co U PM # 


Sih I 1 Thanly) is a recussively 
(ra, (o) 21 < o} SA Thosty), * ated ithe ve Psue tae 
tency Of +... bis givgs.we. a contradiotion, -. Condition 


as Seetl: by the. 
(*) is obVious. 
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4.4 StruchL) is eds-complete 


In this subsection we briefly sketch a proof of the morn 
result (cf. [6]; a similar result appears in [22)). ne 


4.4.1 . Theorem 


Let L be an arbitrary finite language other than the one where 
{f}, p, (A) = 1, La 7 ¢, and for all r € Lp, aid he ; 
Then Struct(L) is ede-complete. 


Proof: Tre prob js equite tecknicadtyiweatvede: ssc sie sede ade ue sala 


ideas behind the proof -- the details can. be. found:.in [6] ,in [6]: there isa 
complete proof of 4.4.1 for the languages L with Ly = ¢ (i.e. Tor algebraic 


signatures), and the metliods applied’ ‘tr 16F'citn ‘be ‘easily. adapted t to all 
languages except the case mentioned in the hypithesteof?4: 41. “ 


_ The proof is essentially divided into two parts‘aederding to' the cases” 
the language L satiaties. 


Lye Lpe i nook 


(mp "(Remaining cases}. - (Exceptional cae). 


Actually, for case (1) a stronger result can be proved, (Note that 
Theorenr 4:2:f shows that the result Below fails for L containing two unary 
function symbols). 

4.4.2 Theorem ce) 


Let L be a language satisfying (D., “Then every clas af of 
L-structures which is closed under substructures is ede-eomplete. 


Proof: There are so tricks involved, Gut attic Wilk ineeds''to ‘be done. See 
[6] for details. | 


Proof of 4.4.1 (continued) 


‘The main difficulties: are found in. case{I).: In this case we 
proceed as follows. 


8 


We first prove an auxiliary result (the Localization Lemma in [6]) which 
makes i pee te reerkt om ean eet one 


Localization Lanta 


Let L be a finite language and let Of be an arbitrary class of 
2 eh a 
(i) For all finite extensions of L by constants to L° and for 
each § < EBIL“, if % te Se for same @ ©:30°E.%, then there is 
a sentence # © L, ALSO) which has a modef ia: HOLY nod 


HILY 9 + 8 ee 2 ec at | 
structures in 2¢ to: k-steues | 


Proofs See (6) for det, BS 


Let L be a language satisfying (ID, and let L° be any finite 
ee ty oe We expand: LE ta:a tup-serted language 
Lo by adding to L° 2 new sort called SETS, and renaming as DOM the 
sort of L. We also add €; a bisney relation off SETS SETS nad MAP, a 
binary relation on SETS x DOM. L na eee 2. aie, Sea se 
woah; ine 10 spies of variables, ove, ype. rag ; OM and 


Every four-tuple of formulas t = rp Ag Sg Mpg? in 
(LIES, by? well, 20? determines 0 interpretation , 


The tym rh of 4 ein 


Lemma A 


Let 7 € LL (L°, 0) and let Ht be an interpretation of 
Lk”) int L ALS. Let iy andi satidy thee two 
conditions: 

(*) for every S € ED(L®, 0) if there is an L°-structure © 


such that © i S* then there exists an L*-structure © with 
Bey AS. 


» 


(**) for every sentence p € Lyf, OQ, fy AF 
has a model (in Struc) then Hy A W) has 2 mode! A (in 2 
Struct(L9). © > 8 


Then ae any eds § € se 0 which diverges on —— — 
L©-structure, there exists a pentegce¢ ¢ € LJ Q.which .. 
has a model in StructL9) such tat fred?) ho +. Bt. a 


Now, the proof of 4.4.1: will follow fim ay te) Reaiets os 


Lemma: orice ‘we show | thet for. peter “mc tea so 
interpretation H* which mal conditions #*}.and: (#43: (eee: (49: for details)’. . 


| For the proot of Lemme, d.:we.ficsh extnedds°:byidbe language of © 

arithmetic N. Let § € ED(L®, 0 pan eds (hijck divecgescea wie 2 0 5 
certain L°-structure. Then we apply Theorem 4.3.2 Pearl a seateace € 
Lee(LN), 0) which is consistent with Struct ON) ba? 


that StructL© OM) = ead St. te wr {fete a Sosygsiises reed 


neces 


To eliminate the symbols of N in ¢’ sais aad Ht fom _ 
hypothesis of Lemma A and apply the following technical result in axiomatic set 


Lemma B 


Let L be a finite language and let p € L, (L, ). 
Then there exist a sentence p of the first order language of Zermelo-Fraenkel 
set theory, L(ZF) and a formula p(x) of L(ZF) such that 


(i ZF F p. 


(ii) If 8 & p then for b € 8, B & pT) iff b is isomorphic 
to an L-structure which satisfies the sentence p. a 


This completes the sketch of the proof of 4.4.1. The method described 
above does not work in the exceptional case mentioned in 4.4.1. We leave as an 
open problem (cf. Section 5) the question of ede-completenees of Struct(L) for 
languages L which are not covered by 4.4.1. 


w 
4.5 Arithmetic Programs ~ 


In this subsection we provide a partial renut which is motivated-by - 
the following question: is the class ss all — Pa hss Peano 
Arithmetic eds-complete a 


Let L be a fangdage with wt lig * ‘ 
Lp? {s}, o,(S) =], ppt) = (Qe Tene ees eee 
cw, 0, cane ", SAA Teasdale netic, ; Let, Pal be the 


Ly g(i-tree as° the iesaidatd port hela 


i Fesvtiee :proot:of the'text’ reselt, Godel Titonipletencss 
used. We refer the-spader welll Re tate 


451 Thenrem, (6D. ee ates ic een tenes — 


For arbitrary 8, Q € ED(L), PCS, Parr, Sella oall 
to 
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5: Open Problems 


_ Below we list. some problems. which TIE Aare with ice 
we have discussed in the paper, —~ ate 


| 5A Freggents of L&D. 


Let “be a class of . program chases; oe straight-line programs, or 
flowcharts, or recursive procedures, .over-aiginga ldngyaged. >One can-add 
7 as an additional parameter in the definition (3.1) of LED where in 3.1.1 


schemes § and.Q are- ssetaied ‘te nang: over H. "Phe diedallaig? ‘OEE ttotal’ 
equivalence) remaifg: upchanged.: In thix'w eae TEDL LY” 
Sit, “Tie Sasser heaven alia 
ED(L). There: ie: a:teadency (cf) P30 16 Wea Ret ncbersasralll 

schemes as those of maximal computational a ragmeat 

classes, cate ote Dad tee rests of i 
LED. worn Ha es 


gt ee 7 anmaphig’ 


Let LED, and LED, be two oe of LEDIL) for a finite language. 
L. LED, is snid:'to existarpretabla.ta LEDY iPtot ainda ESD, there 


exists a 8 € LED» such that ka + 8. If LED, is interpretable-inte, LED ... 
then we wie LEB} 2 HRD}, CEO)" ® EBB, inane shat LED, $ LED, and 
LED, < LED). - Fipifiy)” CED; peaks LED, $ LEDy aed LED) A. LBD, 
LED, is said to be ‘semantically waa to te, if vl ms LED;. 

Laas SA -p oe ae 
For example, LED based upon straight-line programs is en 

equivalent to first. order. logic. with th LED breed wes. flowcbacts: 
(with Chfuility ‘test to Ajperispenie beaie-with ag SE 


individual and iteration agen sil (cf. C 4 -_ (25] for the necessary 
definitions), , as. est iil vic! xanee ae sath yi a : Eegir (based: - 
on regular pro 


e 


ss 


Sa ea Teee 


Just as withigie, we can compare canes of program schemes (cf (9, 
14, 23, 30). We. write 5, %e ike, de tengelatetlle tae 7p cake 
above 7 * os’ Silat ily tayo pe Za 


fi iH : hi tion hold: of : 5 re 


ee 
SF, < Ay implies LEA) « LED(Z,)? 


2 Is- it possible-to-finkd two clause’ of program’ schemes such 
11 < Sy, flowcharts are translatable into Sy and EEO, LEDS, 


3. Is the full Le eet ee re Gene 
LED”) a fore een ee 7 


$2 The Roleof-he Reval Fest 


te enna: it. is. not vosay seemed thatthe program scheme 
can always, test for: eqnality,netwane.indinidtualt (c8-£9,:24;. be al 


Therefore the following prbfoms seas tobe won iavxigating: 


| For a given clam, of 7 of ‘progeans schanses det ./, denote the 7 


a What is the 
assem te ovens LED ) and Pesiaiaal am 


It particalas, vie dors LNB) De neler 
Remark If Fis’ chats of progr pram x chemnes without. the 


(iD LED* ely qeaiieton nes some, 


| | Formulas it LEDTWY eapten vaioet curtion-eheore ic properties 
of schemes: ‘For esbeapie tie formvelg VS;¥8 2848, ¢ ety ge ay 
is a formula of LED™ true in ED, aad the comark ia 5.1'veye that this formals 
need not to be true in 7 for a class 7 of program wet 
equality predicate. To take another 
WS1¥S735f(S,+ V §)*) @ 53+]. This formula is, gh 
in the class of all fh ee ete Se eat a — 
flowcharts augmented by one stack. 


43: 
Problems 
6. Given a class .” of program schemes compare LED ) and LED*(.”). 


7. Call two classes /;, %, of program schemes similar if for every 


sentence a in LED"; ‘a WP tree in Lm eee ‘a,the class 
of all flowcharts similar to ED?" 


8. Given a class S of p program — paler the decidability of 
the set “of all LED” sentéhices truein. % ” 


9. Given: a class / of program schemes, ‘investigate the ssomatcabilty 
of the vet of all LED" “sentences true in%.. es 


“ts there a class regen non it  wigcy dette (up 
to semantic neat by L oy nt. [ i or 


Sa: Expreasive: Power snd Geige Dipeialas 


il. Lt fat cm of wea mk at 
LED(7}) < LED(.7)). Ib it always possible. fo find 9, stencture which is. 
uniquely definable in. LED) by a single dticiepe ant definable: in © 
LED(.“;) by any set of LED(.~,) sentences? by a single LED(.~;) sentence? 


5.5 Unique Definability 


12. Characterize structures which are uniquely definable by a 
single open LED formula over a language without constants. 


13. Characterize structures which are uniquely definable by a 
single LED formula. 


14. Characterize structures which are uniquely definable by a set 
of LED formulas. 


15. Are there any reasonable results concerning unique definability 
of structures in fragments of LED (eg. for flowcharts)? 


5.6 The Hanf Number for Fragments of LED 


16. Is there a class / of program schemes such that LED(”) < 
LED, and both LED(”) and LED have the same Hanf mambers? 
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17. Compute Hanf numbers for various well-behaving fragments of LED 
(eg. for flowcharts, recursive Bi prereeeres flowcharts with (Comnters). 


5.7 Eds-Complete Clases ' ne 


18, Let L be a finite language satisfying, the lowing 
conditions: Le? {f}, Lp #4, a (f= 1, and forall r€ Ips. 
py (r) = 1. Is the class of all L-structures eds-complete? 


ries BAT ge age eae gages Pe 2 eee BE 
19. Is the class of all models of Peano qrithgyetic'=de-com 


5.8 Tools to Construct Models 


20. fa tas savas ae ust puede wd as das Si aad 
4.2.2) which can be viewed as tools to t 
‘results was derived frome the Model: Bsigitiace 


the second from the Omitting Types *rpeocem ia i Are there any results 


specific to LED which also. provide. to 
3.5.7 and 4.2.2? . 


This question seems to be important aD 
tools to comstroct idl fome ofthe pt mas stated shove ‘may | 
; i ick iy ti ' " ti mee slgatie 4G Li . 
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